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1. Background, Relevance, and Notions of Characterizability

The information that a logic can express about the cardinality of a domain
is among the most important measures of its expressive power. The upward
and downward Lowenheim-Skolem theorems, considered to be among the
most important results of first-order model theory, pertain directly to the
indistinguishability of domains of different cardinalities, and in [6], Mon-
tague used cardinal characterizability as an important standard by which to
distinguish the expressive power of different higher-order logics. The inves-
tigation of which cardinals are characterizable in second-order logic is thus
an important area of inquiry within second-order model theory. The seri-
ous study of second-order cardinal characterizability was begun by Garland
in [3] and [4], and related ideas have subsequently been approached from a
variety of perspectives (e.g. [7], [8], and [9]). Ordinal characterizability was
also introduced in [3], and was shown to be intimately connected with cardi-
nal characterizability. This paper considers two different notions of cardinal
characterizability, along with the corresponding notions of ordinal charac-
terizability, and investigates their properties, with an eye toward extending
some of Garland’s more important results.

This paper is concerned mainly with the accustomed polyadic second-
order logics (hereafter simply “second-order logics”), which allow quantifi-
cation over individual, unary predicate, relational, and functional variables,
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using the “standard” interpretations for all second-order quantifiers. For any
non-logical vocabulary k, let Lg) be the second-order logic with vocabu-
lary k, and let Loy be the monadic second-order logic with vocabulary
k (that is, the fragment of Ly with only individual and unary predicate
variables). The discussion focuses on the pure second-order logic Lop, with
no non-logical vocabulary, and on Ly and Loy (), second-order logics (the
latter monadic) over the non-logical vocabulary consisting of a single binary
relation symbol ). Naturally, any nonempty set is an interpretation of Lop,
although no generality is lost by speaking only of models whose domains are
nonzero cardinal numbers. Lyg) and Loy (), meanwhile, have interpreta-
tions of the form 20 = (A, p), where A is a nonempty set and p is a relation
on A. However, since it is possible to express an axiom of well-ordering
in monadic second-order logic, it will often be possible and convenient to
speak as if the only models under consideration are the strict well-orders
associated with particular ordinal numbers. In the discussion that follows,
the standard distinction between sentences and formulas is used.

A structure 2 of signature k is (second-order) infinitely characterizable
iff there is @, a (possibly infinite) set of sentences of Ly, such that A F @
and all models of ® are isomorphic to 2. 2 is monadic second-order infinitely
characterizable iff there is such a ® containing only sentences of Lyps(y). 2 is
(second-order) finitely characterizable if some such @ is finite, and monadic
second-order finitely characterizable if such a ® is both finite and made of
sentences from Lgps ). For finitely characterizable structures, I shall always
assume that ® contains exactly one sentence ¢. No loss of generality results,
since ¢ can be obtained by conjoining the finitely many sentences in ®.

For any cardinal number x > 0, (k) is the structure consisting entirely
of the domain &, and to speak of the characterizability of k (in either of the
above senses) is to speak of the characterizability of (k). Where a > 0 is an
ordinal (o, €) is the strict well-order («, €[ «); following [3] and [4], I shall
use the term “ordinal characterizability” when talking about the characteriz-
ability of strict well-orders . Observe that x > 0 is infinitely characterizable
iff, for every nonzero cardinal \ # k, there is ¢ such that (k) F ¢ and
(\) # ¢, and that the analogous statement holds for infinitely characteriz-
able ordinals. Most notions of cardinal characterizability discussed in the
literature are versions of finite characterizability. The infinitely characteriz-
able cardinals are those cardinals which are second-order equivalent only to
themselves, and so are coextensive with Weaver’s “minimal cardinals” (cf.
[9]). Since there is a tradition of research in cardinal indistinguishability
(see, e.g. [7]), this connection gives infinite characterizability a relevance
independent of its interest as a generalization of finite characterizability.
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Two other notions of expressive power over cardinals are closely related to
finite characterizability. First, for any second-order sentence ¢, the spectrum
of ¢ is the class of all cardinal numbers 1 > 0 such that ¢ has at least one
model of cardinality u. A cardinal s is finitely characterizable iff there
is some second-order sentence ¢ such that x is the only element of the
spectrum of . The ¢ in question need not be pure: it can contain non-logical
vocabulary of any type corresponding to a variable type of the logic, since
one can replace all constants with existentially quantified variables without
changing the the spectrum of ¢. The idea of a spectrum plays an important
role in [3] and [4]. Second, a cardinal k is (second-order) describable iff
there is a pure formula ¢(S), with a unary predicate variable as its only free
variable, such that, for every 2 and every x C A, A E ¥(S)[x] iff x is of
cardinality x (in this case ¥(S) describes k). It is easy to show (see Section
6) that a nonzero cardinal is describable iff it is finitely characterizable.

An important topic related to characterizability is the Fraenkel-Carnap
question (see [2], [11], and [12]). A class of structures A has the (second-
order) Fraenkel-Carnap property iff, for every structure 2 in A, 2 is finitely
characterizable iff the second-order theory of 2 is finitely axiomatizable, in
the sense that there is some second-order sentence ¢ such that 2 F ¢ and for
every second-order sentence 1, if > E 1 then ¢ F ¢. The monadic second-
order Fraenkel-Carnap property is defined analogously, except that attention
is restricted to monadic second-order sentences. The Fraenkel-Carnap ques-
tion for a particular class of structures, with respect to a particular logic,
is the question of whether that class of structures has the Fraenkel-Carnap
property associated with that logic.

Cardinal characterizability is relevant to the study of many sorts of struc-
tures. In foundational issues related to categoricity, fixing the cardinality of
the models of a theory can be seen as an important first step. More broadly,
the cardinality of a structure’s domain is often one of its more important
properties, and it is interesting to see how much a second-order logic can
say about this property. Just as it is an interesting property of second-order
logic that it can state an axiom of well-ordering, define ancestral relations,
or express a genuine axiom of infinity, so is it interesting that it can convey
a great deal of fine-grained information about the cardinality of a model.
The connection between finite characterizability and cardinal describability
means that observations about finite characterizability also provide insights
into what can be said about the size of certain structurally relevant subsets
of a model (such as bases and generating sets of various algebraic structures,
or the equivalence classes of an equivalence relation), so finite characteriz-
ability provides us with a variety of highly versatile descriptive tools for
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talking about many sorts of structures.

The primary motivation for the study of ordinal characterizability is its
relevance to cardinal characterizability, but it is of interest for other reasons
as well. Since well-orders are relatively simple and well understood struc-
tures, they serve as an ideal place to try out new techniques in second-order
model theory, and may provide a useful measure of expressive power. Like
other simple structures, they may also be a useful source of counterexamples
to conjectures in this field. The second-order model theory of well-orders is
also interesting in its own right, since well-orders are considered mathemat-
ically important.

This paper follows in the footsteps of [3] and [4], and several of the results
below will look quite familiar from those works. There are, however, several
important differences. Garland considered only finite characterizability by
O} sentences, while the present treatment considers both finite and infinite
characterizability by any sentences of Lop or Lg). The proofs here in-
clude several other departures from the treatment in [3] and [4], the most
significant of which are that they place a much stronger emphasis on the ex-
plicit construction of the sentences involved, and that the expressive power
of second-order logic is considered not just in terms of the truth-conditions
of sentences, but in terms of the satisfaction-conditions of the open formulas
from which those sentences are built. A pleasant byproduct of these proofs
is a toolbox of useful formulas that can be called into service to prove further
results about cardinal characterizability, both in Lop and in other languages,
such as the infinitary second-order logics of [13]. For characterizable ordi-
nals, this paper takes an entirely different tack from [3] and [4]: it gives
countable ordinals much less attention, but provides an affirmative answer
to the second-order and monadic second-order Fraenkel-Carnap questions
for well-orders, and explores the relationship between the ordinal character-
izability and the operations of ordinal arithmetic. Ordinal characterizability
in Lops(q) is considered in all these discussions, but is absent from [3] and
[4].

One of the major contributions of [3] and [4] was to identify a funda-
mental connection between cardinal and ordinal characterizability; Section
2 demonstrates a variety of results about this connection. Section 3 turns
to ordinal characterizability and establishes that the strict well-orders have
the Fraenkel-Carnap property with respect to both Lyg) and Loy (g). To
the knowledge of the author, this is the first proof of a nontrivial monadic
second-order Fraenkel-Carnap property. Section 4 considers two known re-
sults about the closure of the finitely characterizable cardinals under oper-
ations of cardinal arithmetic, and extends them to infinitely characterizable
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cardinals. Section 5 returns to the ordinals and investigates the relationship
between ordinal characterizability and ordinal arithmetic. Here, as in 3, the
monadic case is also considered. Section 6 explores the relationships between
some of the different notions of characterizability found in this paper and in
the literature. Finally, Section 7 discusses open questions and directions for
further research.

2. Relating the Second-Order Theories of Cardinals and
Ordinals

It is shown in [3] and [4] that if (o, €) is finitely characterizable by O}
sentences, then so is X,, and that the a!” element of any suitable spectrum
is likewise finitely characterizable. In [8] (page 105), a similar result for
finite characterizability is briefly discussed. Corollaries 2.1, 2.2, 2.3, and
2.4 below establish results of this kind for finite and infinite second-order
characterizability.

The proofs of Corollaries 2.1 and 2.2 both depend on a construction that,
for every sentence ¢ of Loy, provides a sentence N, of Lap such that all
models of R, are uncountable and, for all ordinals a@ > 0, (a,€) F ¢ iff
(Na) E N,

To see the significance of R, for cardinal characterizability, suppose that
(@, €) is finitely characterizable, and let ¢ be a sentence of Ly that char-
acterizes (a, €). Consider any cardinal & such that (k) E X,. It follows that
k is uncountable and so k = Ny for some ordinal § > 0 such that (5, €) F .
Since ¢ characterizes a, o = 3 and so k = N,. Thus, R, characterizes
R,. This means that if (a, €) is finitely characterizable then so is R,. Now
suppose that (a, €) is infinitely characterizable. To show that X, is also in-
finitely characterizable it suffices to show that, for any nonzero x # R, there
is some sentence 1) of Lop such that (X,) E ¢ and (k) ¥ 9. If k is countable
then, for any ¢ in the theory of (a,€), (Ry) F Ry, and (k) ¥ Ry, If & is
uncountable then x = Ng for some nonzero § # a. Since (o, €) is infinitely
characterizable it follows that there is ¢ such that (o, €) F ¢ but (3, €) ¥ ¢,
so (Ry) F R, but (k) ¥ R,. Hence, R, is infinitely characterizable.

The construction of X, will use a formula mMyorD(S, R) that, for any
a > 0, characterizes (o, €) in (Xy) in the sense that, for all y C X, and all p
a binary relation on R, (Ro) F MYORD(S, R)[x, p] iff (x,p [ X) is isomorphic
to (a, €). This formula is constructed below.

The construction of N, also makes use of relativization of formulas to
sets, and of substitution of variables for non-logical constants. Where ¢ is



6 B. R. George

any formula, and S is any unary predicate variable, ¢[S] is the relativization
of ¢ to S, as defined on page 150 of [8]. If ¢ is in Lops(g) then so is o[S].
If ¢ is a sentence of Lop, then ¢[S] is a pure formula and (A4) F [S][x] iff
(x) F o. If ¢ is a sentence of Ly, then (A, p) F ¢[S][x] iff (x,p [ X) F ¢.
Given ¢, a formula of Ly), and R, a binary relational variable, ¢[R] is
the result of replacing every instance of @ in ¢ with R. @[S, R] is ¢[S][R].
Where ¢ is a sentence of Ly, (4) F @[S, R][x, p] iff (x,p | X) F .

These tools, combined with a formula to assert that the domain is un-
countable, make it easy to construct N, as well as the formulas needed to
prove Corollaries 2.3 and 2.4.

Before going further, it will be helpful to define a toolbox of formulas of
Lsop to express simple set-theoretic notions. To begin, INJ(f) is given in 1,
and A F v (f)[h] iff h is one-to-one.

Voy(f(z) = f(y) Dz =vy) (1)

suBs(S,S") and prosuBs(S,S’) are given in 2 and 3, respectively. Note that
A E suBs(S,S)|x, x| iff x C x’ and 2 E ProsuBs(S,S")[x, x'] iff x C X'

Vz(Sz D S'z) (2)

suBs(S,S8") A =suBs(S’, S) (3)

Next, 4 gives LE(S,S"), 5 gives 17(S,5"), and 6 gives EQ(S,S’). Where
card(x) is the cardinality of x, 2 E LE(S,S")[x, X'] iff card(x) < card(x'),
A E r(S,9)[x, X] iff card(x) < card(y’), and A E EQ(S,S)[x, x] iff
card(x) = card(x').

Af(va(f) AVz(Sz D S'f(2))) (4)
Le(S, 8"y A —LE(S’, S) (5)
LE(S,S"Y A LE(S',S) (6)

The formula in 7 is pom(S), and 8 is LD(.5).
VxSz (7)

dP(pom(P) A LT(S, P)) (8)

2AE pom(S)[x] iff x = A and A F Lp(S)[x] iff card(x) < card(A). Finally, 9
gives INF(S) and 10 gives unc. 2 FE INr(S)[x] iff x is infinite, and A F unec
iff card(A) > N
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JP(proSUBS(P,S) N EQ(P, S)) 9)
AS(InF(S) A LD(S)) (10)

To prove that MyorD(S, R) performs as advertised, it will be helpful to
define, for any nonempty set A and any p a relation on A, a function f, 4 :
A — {k | k < card(A)}, the cardinal indexing function on A induced by p.
This is the function such that, for all a € A, f, a(a) = card({b | (a,b) € p}).
Just as, on p. 103 of [8], binary relations are used to code information about
families of sets, the above uses binary relations to code information about
families of cardinals and about their structure. The argument proceeds by
showing that various algebraic properties of this function can be expressed
by second-order formulas, eventually showing that (A) F mYorD(S, R)|x, p]
iff there is p/, a relation on A, such that fy 4 [ x is an isomorphism between
(p 1 X) and ({5 2 w | & < card(A)}, €).

The first formula to consider is used to talk about the image of an object
under f, 4. The pure formula 11 is called /vDX(x, S, R), named mnemoni-
cally for “x indexes the cardinality of S with respect to R”:

JP(Vu(Pu = Rxu) A EQ(S, P)) (11)

It is easy to see that 2 F INDx(x, S, R)[a, X, p| iff f, a(a) = card(x).
The pure formula ONETOONE(S, R) is

Vow((Sv A Sw A 3P (inpx (v, P’ R) A inpx (w, P', R))) Dv=w) (12)

2 F oNETOONE(S, R)[X, p] iff f, 4 | x is one-to-one.
The pure formula in iNMAGE(S, S’, R) is given by 13.

Fu(Sv A INDx (v, S, R)) (13)

A E inmmace(S, S'R)[x, x'p) iff there is a € x’ such that f, a(a) = card(x),
or, equivalently, iff x is in the image of x’ under f, 4.

Instead of one formula to say f, 4 is surjective, it will be handy to have a
general construction to say that the image of some set under f), 4, is the set of
cardinals defined by a given formula. Given a formula ¢)(S’), onTo¥(5") (S, R)
is given by 14. If ¥(S’) is pure, then so is oNToY(5")(S, R).

VP3P (EQ(P, P") Np(P')) = iINntmAGE(P, S, R)) (14)

LeMMA 2.1. 2 onTo¥5) (S, R)(x, p] iff foalX] = {\ | there is X' C A s.t.
card(x') = X and A E (S)[X']}.
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PROOF. Suppose A E onTo¥3) (S, R)[x, p]. It follows that for all x” C A,
there is x' C A such that card(x’) = card(x") and 2 E 1(S")[x'] iff there is
a € x such that f, 4(a) = card(x”). This in turn means that f, a[x] = {\ |
there is Y/ C A s.t. card(x’) = X and 2 F ¢(S5")[x']}. On the other hand, if
fo,alx] = {\ | there is X’ C A s.t. card(x’) = A and A F ¢(S)[x']}, then for
all x” there is X’ C A such that card(x’) = card(x”) and A E 1 (S")[x'] iff
there is a € x such that f, 4(a) = card(x’). This means that for all x”, 2 F
INIMAGE(P', S, R)[X", x, p] iff there is ¥’ C A such that card(x’') = card(x")
and A E ¢(S)[x/]. That is, 2 E onTo?S) (S, R)[x, p]. m

In particular, note that 2 F onTo™FEINDE) (S R [y, p] iff £, a[X] =
{N|Rog < A< card(A)}.
The pure formula HoMm(R', R, S) is given by 15.

Vowy PP < (Sv A Sw A INnDx (v, P, R) A INDx (w, P', R)) ) (15)

O (Rvw = rr(P, P'))

A = HoM(R, R, S)[p', p,x] iff fo.a | x is a homomorphism from (x, p’ | x)
to ({\| A < card(A)}, €).

The above can be combined to build the pure formula Mmyorp(S, R) that,
for a > 0, characterizes («, €) in (X,). This pure formula is

3R (onTo™FSINEDS) (5 Ry A oneTOONE(S, R') A HOM(R, R, S)) (16)
LEMMA 2.2. For any o > 0, MYORD(R,S) characterizes (a, €) in ().

PROOF. Observations above about the formulas making up MyorD(S, R)
make it easy to see that (R,) E MYORD(S, R)[x, p| iff there is p’ such that:

1. fy . | X is one-to-one

2. fpra X = {A [ Ro <A< Re}
3. fyx, I x is a homomorphism from (x,p [ x) to ({A | A <R,},€)

This means that (R,) E MyorD(S, R)|x, p] iff there is p" such that fx, | x
is an isomorphism from (x,p [ x) to ({A | Rg < A <R, }, €). It follows from
the definition of N, that ({A | g < A < N}, €) is isomorphic to (a, €).
Thus, if (R,) F MYORD(S, R)[x, p] it follows immediately that (x,p [ x) is
isomorphic to ({\ | g < XA < X4}, €) and so to (o, €). On the other hand,
given y C R, and p C X, x N, such that (x,p | x) is isomorphic to («, €),
it follows that (x,p [ x) is also isomorphic to ({A | Rg < A < R, }, €).
Let f be an isomorphism from (x,p | x) to ({\ | Rg < A < R}, €). Let
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F =B | B € € Ry € FO} Fynad) = card(f(B)) for al
B € X, 50 fyx, is an isomorphism from (x,p | x) to ({A [ Ro < A <N}, €),
which is to say that there is p’, a binary relation of X, such that f », I x
is one-to-one, is a homomorphism from (x,p [ x) to ({A | A < N, }, €),
and is onto {A | Ng < A < N,}, but as noted earlier these are exactly the
truth-conditions of MyYorD(S, R), so X, E MYORD(S, R)[x, p]- |

If card(A) = R, then, since isomorphic structures are second-order equiv-
alent, A F MYOorD(S, R)[x, p] iff (x,p [ x) is isomorphic to («, €).

MyoRD(S, R) allows us to map the second-order theory of any («a, €) onto
the second-order theory of (X, ), by associating with each sentence ¢ in the
theory of («, €) a pure sentence N, given by 17.

unc A ASFR(mMyYorD(S, R) A ¢[S, R)) (17)

This formula is pure because there is only one non-logical constant in the
theory of (o, €) and it is systematically replaced by a relational variable.

THEOREM 2.1. For any o> 0, (o, €) F ¢ iff (Ry) E Ny,

PRrROOF. (R,) E X, iff X, is uncountable and there are x C Ry, p C R, x X,
such that (x, p | x) is isomorphic to («, €) and (x,p | x) F ¢. But if this is
the case then by the indistinguishability of isomorphic structures (a, €) F ¢.
On the other hand, for a > 0 such that (a,€) F ¢, it follows that N,
is uncountable so (X,) F unc, and since card(a) < R, and R,, being a
cardinal, is also an ordinal, it follows that a C N, likewise it follows that
€] a is a relation on X,, and by Lemma 2.2 (X,) F MYorD(S, R)[a, €[ o,
so (Ny) F Ry ]

Thus, for o > 0 and 2 such that card(A) = R,, (o, €) F ¢ iff A E R
Arguments from the beginning of the section now give us the following:

COROLLARY 2.1. For any o > 0, if (o, €) is finitely characterizable then so
18 Ny .

COROLLARY 2.2. For any a > 0, if (o, €) is infinitely characterizable then
s0 is N,.

In [3] (p. 84) the result corresponding to Corollary 2.1 is a special case
of a more general result. Related results appear below. Where % is any
sentence of Lop, BIISPEC(¢)(S, R, R') is given by 18.

onTo?1¥1N328' (G R\ A onpTOONE(S, R') A HOM(R, R',S)  (18)
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Arguments like those above can be used to show that
A = Brspec(Y)(S, R, R))[x, p, '] iff fy a | x is an isomorphism from

OGe Ix) to ({k>0] (k) o}, €).
Next, pinsPEC(1)) is the pure sentence given by 19.

¥ AISIARR! (BrispeC () (s, R, R') A S, R]) (19)

THEOREM 2.2. If the spectrum of ¥ contains only infinite cardinals, (k) E
@insPEC(1)) iff there is some a > 0 such that (o, €) E ¢ and k is the ath
cardinal in the spectrum of 1 (in the sense that (k) E ¢ and ({\ | A < k and
(A) E ¢}, €) is isomorphic to (a, €)).

This result can be proven using essentially the same arguments that were
used to prove Lemma 2.2 and Theorem 2.1 above.
Building on Theorem 2.2 in the same manner as on Theorem 2.1 yields:

COROLLARY 2.3. For any o > 0, v a pure sentence, if the spectrum of
contains only infinite cardinals and («, €) is finitely characterizable, then so
is the o cardinal that satisfies 1.

COROLLARY 2.4. For any o > 0, v a pure sentence, if the spectrum of
contains only infinite cardinals and («, €) is infinitely characterizable, then
so is the a'® cardinal that satisfies 1.

3. The Fraenkel-Carnap Question for Strict Well-Orders

This section investigates one way of describing the set of finitely characteri-
zable ordinals: (a, €) is finitely characterizable iff its second-order theory is
finitely axiomatizable. That is, the class of strict well-orders has the second-
order Fraenkel-Carnap property, as defined in Section 1. The approach used
here is similar to the one used in [12], but it has some differences, among
them that it does not lead naturally to a proof of the quasi Fraenkel-Carnap
property (defined in [12] on page 286), but does provide a proof that the
strict well-orders have the monadic second-order Fraenkel-Carnap property.

To begin, note that there is an axiom of strict well-ordering in Lo/ (@)-
Let 20 be called TRANS, 21 be called 570, and 22 be called swo:

Vayz((Quy A Qyz) D Quz) (20)
TRANS A ~3xy(Qry A Qyz) AVzw(Quwz V Qzw V w = 2) (21)
sTo ANVYP(FvPv D Jx(Px AVy(Py D (x =y V Qxy)))) (22)
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Observe that (A, p) E TRANS iff p is transitive on A, 21 is an axiom of strict
total-ordering, and 22 is an axiom of strict well-ordering.
Next, INsSEG(S) is the monadic formula

Javy(Sy = Quz) (23)

Given (A, p), a strict well-order, (A, p) E INSEG(S)[x] iff x is a strict initial
segment of (A, p).

The definitions above make it possible, for any second-order sentence ¢,
to construct a sentence ¥ that is satisfied only by the least strict well-order
that satisfies . Given ¢, ot is

swo A ANYS((INSEG(S) A JxSz) D —¢[S]) (24)

Note that if ¢ is monadic then so is ¢V,

THEOREM 3.1. If there is at least one strict well-order (A, p') such that that
(A, p)) E @, then (B, p) E o iff (B, p) is isomorphic to («, €), for the least
ordinal o such that (o, €) F .

PROOF. Suppose (B, p) is isomorphic to («, €), for the least ordinal « such
that (a, €) F . It follows immediately that (B, p) F ¢ and that (B,p) E
swo. It also follows that (B,p) F VS((ivsec(S) A JzSz) D —p[S]), for,
if (B,p) ¥ VS((inseG(S) A JxSz) D —p[S]) then there is y a nonempty
strict initial segment of (B, p) such that (B, p) E ¢[S][x], which is to say
(x,p | xX) E . Since x is a strict initial segment, it follows that (x,p | x)
is isomorphic to (3, €) for some 0 < # < a. Thus there is # < « such that
(8,€) E ¢, contradicting the hypothesis that « is minimal. On the other
hand, suppose (B, p) E ©t. It follows that (B, p) E ¢ and (B, p) is a strict
well-order. Being a strict well-order, (B, p) is isomorphic to (v, €) for some
ordinal v > 0. «, as defined above, cannot be greater than -+, but supposed
that it is less than . Since a will then be a strict initial segment of (v, €),
it follows that (a, €) is isomorphic to a nonempty strict initial segment of
(B,p). Let x C B be the image of « under this isomorphism. It follows
that (B, p) E mvsec(S)[x], (B,p) E JxSz[x|, and (B,p) F ¢[S][x]. This
implies that (B, p) ¥ VS((invseG(S) A 3xSz) D —p[S]), which contradicts
the assumption that (B, p) F ¢¥. Thus, v = «, so (B, p) is isomorphic to
(o, €). ]

Given the above result, it is easy to show that the class of strict well-
orders has the Fraenkel-Carnap property:
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COROLLARY 3.1. A strict well-order (A, p) is finitely characterizable iff the
second-order theory of (A, p) is finitely axiomatizable.

PRrROOF. If (A4, p) is finitely characterizable, let ¢ be the sentence that char-
acterizes (A, p). For every sentence 1, ¢ F v iff 9 is satisfied by every model
of ¢, which is to say iff (A, p) E 1, so ¢ entails exactly those sentences that
are in the theory of (A,p). On the other hand, suppose that the second-
order theory of (A, p) is finitely axiomatizable, and let ¢ be a sentence in the
second-order theory of (A, p) that entails all other sentences in that theory;
clearly (A, p) F ¢ and, for ever sentence v of Ly, either ¢ F 1 (if ¢ is in
the theory of (A, p)) or ¢ E =) (if ¢ is not in the theory of (A4, p)). Now
consider @Y. Tt follows from 3.1 that oV is satisfiable and that all models of
oV are isomorphic. By its construction, ¢V is satisfied by some model of ¢,
s0 @ ¥ —p¥, s0 it must be the case that ¢ F ¢¥. Thus, since all models of ¢V
are isomorphic, all models of ¢ are isomorphic as well, so, since (A, p) F ¢,
¢ characterizes (A, p) and (A, p) is finitely characterizable. ]

Everything done above goes through virtually unchanged if attention
is restricted to sentence of Lgys(q), so a strict well-order (A, p) is finitely
characterized by a monadic formula iff there is a monadic formula ¢ such
that (4, p) F ¢ and, for all sentences 1 of Loys(q), either ¢ F 1) or p F =
Likewise, o¥ could be constructed for any ¢ in any of a number of stronger
logics, including third-order logic. The present argument can also be easily
amended to work for reflexive well-orders instead of strict well-orders.

4. Characterizability and Cardinal Arithmetic

This section explores some sufficient conditions for finite and infinite car-
dinal characterizability, in the form of “closure” properties of the finitely
and infinitely characterizable cardinals under well-known operations. Most
of the results for finite characterizability are stated in [8], and related re-
sults appear in [3] and [4]. In what follows, two of the results about finite
characterizability are paralleled by analogous results about infinite charac-
terizability.

To begin, observe that it doesn’t matter whether one talks about the
characterizability of a cardinal number as a set or as an order structure,
because of the pure formula INITIAL, given in 25 below.

swo AVS(INseG(S) D LD(S)) (25)

Clearly (o, €) E INITIAL iff v is the least ordinal of cardinality card(«)
(that is, if « is a cardinal). Furthermore, for a > 0, if (o, €) E ¢ then
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(card(a)) E 3Rp[R]. So, in particular, if a cardinal x is characterized by a
pure sentence ¢, then (k, €) is characterized by the sentence ¢ A INITIAL, and
if (k, €) is characterized by a sentence 1), then & is characterized by IRY[R].
This leads to Proposition 4.1, similar to a result in [4].

PROPOSITION 4.1. A cardinal k > 0 is finitely characterizable iff (k, €) is
finitely characterizable.

If x is infinitely characterizable, then for every ordinal o > 0 such that
a # K, either k # card(a) or else «v is not a cardinal. If the former, then since
k is infinitely characterizable there is a pure sentence ¢ such that (k) E ¢ and
(o) ¥ ¢, and so (k, €) F ¢ and (o, €) ¥ . If the latter, then (k, €) E INITIAL
and («a, €) ¥ IniTIAL. Thus, (k, €) is infinitely characterizable. Going the
other way, if (k, €) is infinitely characterizable, then for every cardinal A # x,
there is ¢ such that (k, €) F ¢ and (A, €) ¥ ¢, so (k) E IR(p[R] A sSWO[R] A
INITIAL[R]) while (X) # JR(¢[R] A swO[R] A INITIAL[R]). Thus:

PROPOSITION 4.2. A cardinal k > 0 is infinitely characterizable iff (k, €) is
infinitely characterizable.

The above combine Corollaries 2.1 and 2.2 to yield these closure results:
PROPOSITION 4.3. If k is finitely characterizable then so is N.
PROPOSITION 4.4. If k is infinitely characterizable then so is N.

The other closure results are for familiar operations from cardinal arith-
metic. Both are shown using a formula to characterize a smaller cardinal
inside of a larger one. First, the pure formula mycpPrED(S) is

Lp(S) AVP(Lp(P) D LE(P,S)) (26)

2 E mycPreD(S)[x] iff card(A) is the cardinal successor of card(x). Now,
given a pure formula ¢, the pure formula ™ is

3S(mycPrRED(S) A [S] A JzSx) (27)

For k > 0, if (k) E ¢, it follows that (k) F ¢[S][k], (k1) F MYcPRED(S)]K],
and (k) F JxSz[k], so (k1) E ¢T. On the other hand, if (%) E ¢T, then
there is x C x™ such that card(y) = k, and (k) E ©[S][x], hence, (x) E ¢,
so (k) E ¢. Proposition 4.5 is immediate:

PROPOSITION 4.5. For any cardinal k > 0, (k) F ¢ iff (k7) E pT.
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If k > 0 is finitely characterizable, characterized by ¢, then it is easy to
see that k™ is characterized by ¢ ™. This observation leads to the following
result, which has been noted in [8] and resembles a result in [3]:

PROPOSITION 4.6. If k is finitely characterizable then so is k™.

If K > 0 is infinitely characterizable, then consider any A > 0 such that
A # kT, If A =1 or X is not a successor cardinal then, where 1 is any
logically true pure sentence, (k1) F ™ and (\) ¥ ™, but if X is a successor
cardinal and A\ > 1 then let p be the cardinal such that A = p™. Since &
is infinitely characterizable there is ¢ such that (k) F ¢ and (u) ¥ ¢, so it
follows that (k™) E ¢t and (\) ¥ ¢T. Thus, no A # k* satisfies the same
pure sentences as 7, yielding the following:

PROPOSITION 4.7. If K is infinitely characterizable then so is k.

Reproduced below is an argument, based on one from [8], that if « is
finitely characterizable then 2% is as well. Unfortunately, since the function
involved is not known to be one-to-one, the previous approach cannot extend
this result to cover infinite characterizability, so there remains a point of
asymmetry. As in [8], the formulas used can be regarded as statements
about the set-indexing function induced by a relation. To begin, the pure
formula DISTNEIGHBORHOODS(x,y, R) is

Jw((Rzxw A =Ryw) V (Ryw A =Rzw)) (28)

20 E DISTNEIGHBORHOODS (x,y, R)[a, b, p] iff {c € A | (a,c) € p} # {c € A|
(b,c) € p}. Next, the pure formula ALLNBHDIST(R) is

Vyz(y # z D DISTNEIGHBORHOODS(Y, z, R)) (29)

Observe that A F ALLnBHDIST(R)[p] iff {c € A | (a,¢c) € p} # {c € A |
(b,c) € p}, for all distinct a,b € A. The pure formula AM2T70CARD(S) is

JR(VP(suBs(P,S) = JwVz(Rwz = Px)) A ALLNBHDIST(R)) (30)

Note that 2 F Amerocarp(S)[x] iff card(A) = 2627400,
Given ¢ a pure sentence, the pure sentence called 2% is

3S(am2ToCcARD(S) N ¢[S]) (31)
From the remarks on AM270CARD(S), the following is immediate:
PROPOSITION 4.8. For k > 0, if (k) E ¢ then (2F) E 2¥.
From here, it is easy to see that:

PROPOSITION 4.9. If k is finitely characterizable, then so is 27.
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5. Characterizability and Ordinal Arithmetic

Turning to ordinal arithmetic, it is possible to apply the approach from
Section 4 to a wider variety of operations. For binary operations, however,
these techniques have at best partial success with infinite characterizability.

A few more formulas will be useful. 32 gives INRANGE(z, f) and 33 gives
RANGE(S, f). Note that 2 F INRANGE(x, f)[a, h] iff a is in the range of h,
and that A F RANGE(S, f)[x, h] iff x = h[A].

W (f(y) = =) (32)

Vx(Sx = INRANGE(z, f)) (33)

The first operation considered will be ordinal successor. Begin with the
monadic formula MYOPRED(S):

INSEG(S) AVzy((—Sxz A —=Sy) D x =y) (34)

For a > 0, (e, €) F myoPRED(S)[x] iff «v is a successor ordinal and xy = a—1.
Next, given a sentence ¢, ¢ + 1 is

swo A 3S(myopPRED(S) A ¢[S] A JxSz) (35)

Note that if ¢ is monadic then so is ¢ + 1, and that (A, p) F ¢ + 1 iff (A, p)
is isomorphic to (a + 1, €) for some o > 0 and («, €) F ¢. Thus, if («, €)
is characterized by ¢, (a + 1, €) is characterized by ¢ + 1, leading to the
following:

PROPOSITION 5.1. For any ordinal o > 0, if («, €) is finitely characterizable,
then so is (a + 1, €).

Now consider a > 0 such that (a, €) is infinitely characterizable, and
£ > 0 such that 8 £ a+ 1. If 5 =1 or § is not a successor ordinal, then
where 9 is any logically true sentence, (a«+1,€)F ¢+ 1 and (8, €) ¥ ¢ + 1.
On the other hand, if 3 > 1 and S is a successor ordinal, then let v > 0 be
such that 3 = v+ 1. Since («, €) is infinitely characterizable, it follows that
there is ¢ such that (a,€) F ¢ but (y,€) ¥ ¢, so (o +1,€) F ¢ + 1, but
(B,€) ¥ o+ 1, thus:

PROPOSITION 5.2. For any ordinal a > 0, if (o, €) is infinitely characteriz-
able, then so is (a+ 1, €).
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The proofs of 5.1 and 5.2 only require quantification over set and indi-
vidual variables, so analogous results hold for characterizability in Loz (q)-

Below it is shown that the finitely and infinitely characterizable ordinals
are closed under taking ordinal predecessors. Because an ordinal is not
a subsystem of its predecessor, the formulas involved are somewhat more
convoluted, and do not yield an analogous result in the monadic case.

To begin, EMBEDSME(f, R) is given by 36.

N (f) ANVay(Quy = Rf(x)f(y)) (36)

(A, p) E EMBEDSME(f, R)[h, p'] iff (A, p) is isomorphic to (h[A],p’ | h[A4]).

One can get a copy of the predecessor of a strict well-order by taking
the subset containing the appropriate initial segment, but this won’t work
for the successor, since no subset of the domain has the necessary structure.
Thus, a relational variable is required. Mmyosvcc(R) is given by 37.

Af(emMBEDSME(f, R) A sSwo[R] A 3S(RANGE(S, f) A myoPRED(S)[R])) (37)

Facts noted above imply that, if (4, p) is a strict well-order, then (A, p) F
myosucc(R)[p/] iff there is « such that (A, p) is isomorphic to («, €) such
that (A, p’) is isomorphic to (o + 1, €). Further, if A is infinite and (A, p) is
a strict well-order, then, since a + 1 is of the same cardinality as « for any
infinite «, it follows that there is p’ such that (A4, p) E Mmyosvcc(R)[p'].

For any sentence ¢, ¢ — 1 is given by 38. (A, p) E ¢ — 1 iff there is a« > w
such that (A4, p) is isomorphic to (a, €) and (a4 1, €) F .

swo A (ISINk(S)) A JR(myosucc(R) A ¢[R)) (38)

Consider o > w such that («+1, €) is finitely characterizable, character-
ized by . It follows from the above that (A, p) E ¢—1iff (A, p) is isomorphic
to (e, €). In the case where w > o > 0, both (a, €) and (o + 1, €) are finite
structures and so can be finitely characterized, thus:

PROPOSITION 5.3. For any o > 0, if (o + 1,€) is finitely characterizable,
then so is (a, €).

Now consider & > w and > 0 such that (a + 1, €) is infinitely char-
acterizable and # # a. Since (a + 1, €) is infinitely characterizable, there
is ¢ such that (a 4+ 1,€) F ¢ and (6 + 1,€) ¥ ¢, thus (a,€) F ¢ — 1 and
(B,€) ¥ ¢ — 1. Of course, when w > o > 0, (a, €) and (a + 1, €) are both
finitely characterizable and so both infinitely characterizable. This leads to
the following closure result:
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PROPOSITION 5.4. For any o > 0, if (a + 1, €) is infinitely characterizable,
then so is (a, €).

Next, ordinal addition and multiplication are considered, leading to clo-
sure results for the finitely characterizable ordinals, and somewhat weaker
results for the infinitely characterizable ordinals.

To begin, consider the formula compL(S, S’), given by 39.

Va((Sz Vv S'z) A=(Sz A S'x)) (39)

Observe that A F compr(S,S")[x, x'] iff x’ is the complement of x with
respect to A.
Now, given sentences ¢ and ¥, @ + v is

swo A 3SS'(insec(S) A xSz A compr(S', S) A ¢[S] Aw[S]) (40)

If ¢ and % are monadic, then so is ¢ + 1.

For any ¢ and %, all models of ¢ + 9 are strict well-orders, so assume,
without loss of generality, that all models are ordinals. Let v = o+ 3, where
a, >0, (o, €) F p, and (8, €) E 1. By the definition of ordinal addition,
a C v and, where x is the complement of « in ~, (3, €) is isomorphic to
(x,€). Thus, (,€) F p[S][o] and (,€) F (S|, 50 (1, €) @ + 1. Now
consider any v such that (v,€) F ¢ + 1. There must be a, a nonempty
strict initial segment of (v, €), such that (v, €) F ¢[S][a] and, where y is the
complement of « in v, (v, €) E ¥[S][x], so (o, €) F ¢ and (x, €) E 1. Since
X is a nonempty subset of an ordinal, (x, €) is isomorphic to (3, €) for some
B> 0,s0 (8,€) E 1, which is to say v = a+ 3, (a, €) F ¢, and (3, €) E 1,
proving Lemma 5.1:

LEMMA 5.1. (4, p) E @+ iff there are o, 5 > 0 such that (A, p) is isomor-
phic to (a+ 5,€), (a,€) F ¢, and (B, €) F 1.

The construction of such a formula for ordinal multiplication is somewhat
more involved, and some tools for talking about binary functions will be
required. In everything that follows, p is a binary functional variable of the
object-language, and £ is a metalanguage variable over binary functions.

The following two formulas are used to restrict attention to bijective
binary functions. The first, given in 41, is called BININJ(p, S, S"):

Vwzyz((SwASzAS'yAS'z) D ((p(w,y) = p(z,2)) = (w = 2zAy = 2))) (41)
A formula called BINSURJ(p, S, S’,S") is given in 42:

Vazy((SzAS"y) D S"p(x,y)) AV2(S"2 D Fvw(SvASwAz = p(v,w))) (42)
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Note that 20 E BININ (p, S, S")[&, x, X'] Hf € [ (x X X) is one-to-one, and that
2 E BINSURJ(p, S, S, S")[€, x, X', X"] iff € is surjective from x x X" onto x”.

Next, 43 defines PAIRS(p, S, S, S"). A E paIrs(p, S, S, S")[&, x, X/, X'] iff
€1 (x x x') is a bijection between x’ and x”.

BININJ(p, S, S") A BINSURJ(p, S, S', S") (43)

PAIRS(p, S, S, S”) makes it possible to talk about Cartesian products.
To talk about products of strict well-orders, it is necessary to talk about the
behavior of orderings on these products. Thus, LEXORD(p, S, S’) is

(SwASyAS'zANS2)D >
Qp(w, z)p(y, 2) = (Quz V (z = z A Quy)))

Consider (4, p), a strict well-order, y and x’ nonempty subsets of A, and & a
binary function on A, such that (A, p) E LExORD(p, S, S")[£, x, X']. For a,b €
x and @/, b’ € X/, it follows from observations above that (£(a,a’),£(b,b)) € p
iff either (a/,b') € p or o/ = V' and (a,b) € p, which is equivalent to the
assertion that (£(a,a’),&(b,b")) € p iff ((a,d),(b,V)) € ¢, where ¢ is the
ordering relation of the order product (x,p | x) ® (xX’,p | X’). On the
other hand, suppose that ¢ has the property that if a,b € x and a/,b' € x/
then (¢(a,a’),£(b,b)) € p iff ((a,d’), (b)) € ; this is equivalent to saying
that (£(a,a’),&(b,0")) € p iff (a/,¥) € p or a’ =¥ and (a,b) € p, which in
turn means that for all a,b € x and o',V € X/, (A, p) E (Qp(w,x)p(y, z) =
(Qrz V (z = 2z A Qwy)))[§, a,d,b, V], so (A, p) E LEXORD(p, S,S")[£, x, X']-
This leads to the following result:

myz( ( (44)

LEMMA 5.2. Where (A, p) is a strict well-order,
(A, p) E LExORD(p, S, S)&, x, X' iff €1 (x X X') is a homomorphism from
OGp Tx)@ (e X)) into (E[x x X' p T E[x x X')-

Next, orroD(S,S’,S") is
Ip(3xSx A JyS’y A PaIrS(p, S, S, S") A LExORD(p, S, S")) (45)

Consider a strict well-order (A, p). By facts about pairs(p,S,S’,S”) and
LEXORD(p, S, S’) noted above, (A, p) E oProD(S,S’,5")[x, X, X"] iff there is
&, a binary function on A, such that £ | (x x x’) is a bijection from x x x’
to x”, and € | (x X x') is @ homomorphism from (x,p | x) ® (X, p [ X') into
Elx x Xl p 1€l x X']), thus:

LEMMA 5.3. For any strict well-order (A, p),

(A, p) E orroD(S, S, S")x, X's X" iff (X",p 1 X") is isomorphic to

e Ix)@ (e X))
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Now, given sentences ¢ and 1, @ @ ¥ is
swo A 3SS’S"(oproD(S, S, S") A [S] A[S] A Dom(S"))  (46)

If (A,p) E @ e, then (A, p) is a strict well-order and there are x and Y/,
nonempty subsets of A, such that (A, p) is isomorphic to (x,p | x) @ (xX,p |
X)), (x,p I x) Ew,and (xX',p | X') E 9. Thus, there are o, 3 > 0 such that
(A, p) is isomorphic to (a e (3, €), (a,€) F ¢, and (8, €) E . On the other
hand, consider a, 3 > 0 such that («a,€) E ¢ and (3, €) F 1. Note that
aCaefBand 3 C aef3, and that (ae 3,€) E oProD(S, S, S")|c, 3, e 3],
so (we3,€) E pe1, so, for any (A, p) isomorphic to (we 3, €), (A, p) F pei).
This establishes the following:

LEMMA 5.4. (A, p) E pet iff there are cv, 3 > 0 such that (A, p) is isomorphic
to (e B,€), (o, €) F ¢, and (8, €) F .

The above makes it possible to show that the finitely characterizable
ordinals are closed under ordinal addition and multiplication:

THEOREM 5.1. If (o, €) and (3, €) are finitely characterizable (characterized
by pa and pg, respectively), then so are (a+ 3, €) and (o e 3,€) (charac-
terized by po + pp and @ ® g, respectively).

PROOF. Suppose that ¢, characterizes (o, €) and g characterizes (3, €).
It follows that if (A, p) E va + ¢ then (A, p) is isomorphic to (v + 6, €) for
some 7,8 > 0, such that (v, €) F ¢, and (4, €) F ¢g, s0o y = a and 6 = 3, so
(A, p) is isomorphic to (a+ 3, €). On the other hand, (a+ (3, €) F ¢o + ¢35,
a,f >0, (,€) FE g and (8,€) E pg. Thus (4,p) E po + s iff (A,p)
is isomorphic to (o + 3,€). The same argument can be used for a e 3,
substituting multiplication for addition and ¢, ® ¢z for ¢, + ¢g. [ |

This approach appears not to yield an analogous result for infinitely
characterizable ordinals, but a weaker closure result can be shown:

THEOREM 5.2. If («a, €) is finitely characterizable and (3, €) is infinitely
characterizable, then (o + (3, €) is infinitely characterizable.

PROOF. Let ¢ be a sentence that characterizes («, €), and suppose that
v >0and v # a+f. If v < a, then note that (a+ 3, €) F 3S(FzSz A p[S5]),
whereas (v, €) ¥ 3S(FzSx A ¢[S]). If v = a, then (o + §,€) E =g, while
(v, €) ¥ —p. Finally, if v > «, then v = a + § for some 6 # . Since (3, €)
is infinitely characterizable, it follows that there is v such that (3,€) E ¢
but (J,€) ¥ 1. In this case, (a + 5,€) F ¢ + ¢, but (a +6,€) ¥ o + 1,
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since otherwise there would have to be some §’ such that a+6 = a+4’, and
(0, €) E 1, but it is a well-known algebraic property of ordinal addition that
if a+0 =a+0d, then § = &', and ¢ was picked such that (4, €) ¥ <, this
yields a contradiction, so in fact it must be that (a + d,€) ¥ ¢ + . Thus,
for any « > 0 such that v # « + 3, there is a sentence that distinguishes
between (v, €) and (a + 3, €), so (a+ [, €) is infinitely characterizable. m

THEOREM 5.3. If («a, €) is finitely characterizable and (3, €) is infinitely
characterizable, then (« e (3, €) is infinitely characterizable.

PROOF. Let ¢ be a sentence that characterizes («, €), and consider v > 0
such that v # « e 3. Suppose that there is no § > 0 such that v =« e, it
follows that (v, €) ¥ 355'S”(orroD(S, S', S")Ap[S]ADOM(S")), but since ¢
characterizes « it follows that («e 3, €) E 355'S”(oProD(S, S, 5") A p[S] A
poM(S")). On the other hand, suppose there is such a 4. It must be the
case that ¢ # (3, so, since 3 is infinitely characterizable, let ¥ be a sentence
such that (8, €) E ¥ but (6, €) ¥ 1; it follows that (cve 3,€) E ¢ e ) and
(ved,€) po1p. Thus (awe g, €) is infinitely characterizable. [

Note that the proofs of both Theorem 5.2 and the part of Theorem 5.1
that concerns addition also work for finite and infinite characterizability in
Lam (@)

A more general approach to the characterization of ordinal sums and
products is possible. The techniques used above can, with slight modifi-
cation, provide a formula osvm (S, R,S’, R',S”, R") with the property that
A F osum(S, R, S, R, S",R")[x,p, X', 0/, X" "] ifE o0 [ x), (X5 T X)),
and (x”,p"” | X”) are all nonempty strict well-orders, and (x”,p” | x”) is
isomorphic to (x,p | x) ® (X', p' | X'). A formula oprop(S,R,S’,R’,S” R”)
with analogous behavior can also be constructed. Such formulas could be
used to prove the closure results above, and would have a variety of other
applications (for example, they could be used to show that if X, and Ng are
both finitely characterizable, then so is R, 3). This approach was not used
here because because it cannot be applied to the monadic case, and because
it would have made the formulas and proofs involved more cumbersome.

6. Relating Different Kinds of Characterizability

There are many interesting notions of characterizability besides those dis-
cussed above, and many important questions about the connections between
different kinds of characterizability. A few of the relevant ideas and results
are discussed below.
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The notion of characterizability in plays an important part in the proofs
in Section 2. A structure 2 of signature k is characterizable in another
structure 9B of signature k' iff, for some variables vy of types corresponding
to k, there is a formula ¢(S, %) of Ly such that, for x € B and U

values for ok, B F ¢[x, ﬁk] iff (X,Jk [ x) is isomorphic to 2. This notion
is implicit in the proof in [11] that Dedekind algebras lack the second-order
Lowenheim-Skolem property. For any finitely characterizable 21 such that
card(A) < card(B), 2 is characterizable in (B), but little else is known
about the relationship between this notion of characterizability and others.

The notion of cardinal describability (defined in Section 1) has an in-
tuitive connection to the notion of characterizability in a structure, but, as
noted above, is equivalent to finite characterizability for nonzero cardinals.
To see this, consider a cardinal x > 0: if x is characterized by ¢, then clearly
it is described by the relativized formula ¢[S], and if  is described by some
formula (.5), then it is characterized by the formula 35(1(S) A pom(S)).

In [3] and [4], the primary notion of characterizability used is that of
finite Qi-characterizability. Although this notion of characterizability has
some idiosyncracies, it is closely connected with second-order finite char-
acterizability: as is pointed out in [3] and [4] (Theorem 2.2 and Corollary
2.3 of the latter), if . is a second-order spectrum which contains no finite
cardinal, then {(2%)" : k € .} is a O3-spectrum. Thus, if  is second-order
finitely characterizable then (2%)7 is finitely Qi-characterizable.

Turning again to finite and infinite characterizability, it is natural to ask
whether, at least in the case of cardinals and ordinals, the two notions are
coextensive. It is easy to see that finite characterizability always implies
infinite characterizability, but it is possible to show that there are infinitely
characterizable structures that are not finitely characterizable. Indeed, it fol-
lows from comments in [10] that there are infinitely characterizable Dedekind
algebras the cardinality of which is not finitely characterizable (since there
is an infinitely characterizable Dedekind algebra the range whose configu-
ration signature is the set of finitely characterizable cardinals). This calls
attention to how different infinite and finite characterizability can be, but
says nothing about the case of cardinals in particular. Even in the case
of cardinals, this question has implications for other issues in second-order
model theory. For example, it is shown in [9] that it is equivalent to the ques-
tion of whether there are homogeneous-universal Dedekind algebras that are
(infinitely) characterizable but not finitely characterizable.

Although I am not aware of any proof that finite and infinite cardinal
characterizability are distinct, a weaker result is sufficient to motivate the
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independent study of both notions. Observe that there are exactly Rg finitely
characterizable ordinals. In [1] it is shown that it follows from the axiom of
constructibility (and so is consistent with ZFC) that no two non-isomorphic
countable relational structures of finite signature are second-order indistin-
guishable. Since Vg is a finitely characterizable cardinal, this entails that
each countable relational structure is distinguishable from all other relational
structures, so the axiom of constructibility implies that for every countable
ordinal @ > 0, («, €) is infinitely characterizable. There are ¥y distinct
countable ordinals, thus:

PROPOSITION 6.1. It is consistent with ZFC that the cardinality of the set
of infinitely characterizable ordinals be greater than the cardinality of the set
of finitely characterizable ordinals.

This means that it is consistent with ZFC that there be infinitely char-
acterizable ordinals that are not finitely characterizable.

Corollary 2.2 makes it possible to extend Proposition 6.1 to the cardinals.
Since the axiom of constructibility implies that for every countable ordinal
a > 0, (a, €) is infinitely characterizable, and by Corollary 2.2 this entails
that for every countable ordinal o > 0, W, is infinitely characterizable. So
if there are at least Ny distinct countable ordinals, it follows that there are
at least Ny distinct infinitely characterizable cardinals, but there are only Xg
finitely characterizable cardinals. This proves the following:

PROPOSITION 6.2. [t is consistent with ZFC that the cardinality of the set of
infinitely characterizable cardinals be greater than the cardinality of the set
of finitely characterizable cardinals.

As above, it follows immediately that the existence of cardinals that are
infinitely but not finitely characterizable is consistent with ZFC.

7. Open Problems

This paper has presented a variety of results about finitely and infinitely
characterizable cardinals and ordinals. Many of these results raise questions
that, to the knowledge of the author, are still open. A list of some of the
more significant ones appears below.

First, is the converse of Corollary 2.1 or Corollary 2.2 true? An affir-
mative answer for both would eliminate the need for separate studies of
cardinal and ordinal characterizability, and an affirmative answer for either
would simplify matters significantly. Negative answers would point to the
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existence of an R, that was more characterizable than the associated («, €).
The nature of this @ would be of considerable interest, and would lead to a
richer understanding of the expressive resources of second-order logic.

Second, what precisely is the relationship between finite and infinite car-
dinal characterizability? It was shown in Section 6 that it is consistent with
ZFC that finite and infinite cardinal (and ordinal) characterizability be dis-
tinct, but it is not immediately clear whether this state of affairs follows
from ZFC or is independent of it. If finite and infinite characterizability are
not coextensive, it is natural to ask whether some subtler connection exists.
It is also interesting to ask if there is any nontrivial class of structures for
which finite and infinite second-order characterizability are equivalent, and,
if so, what characteristic distinguishes those classes of structures for which
this equivalence holds.

Third, although results here and elsewhere have done much to map the
shape of the sets of finitely and infinitely characterizable cardinals, much
remains unknown. In particular, the author is not aware of any proofs or
disproofs of the converses of Propositions 4.6 and 4.7. Thus, it is not even
known whether there is an uncharacterizable cardinal with a finitely charac-
terizable successor. If the existence of such a cardinal were known, it would
considerably complicate the theory of characterizability for many kinds of
structures: in particular, because of Propostion 5.3, it would entail that
there was a finitely characterizable cardinal X, such that the correspond-
ing (o, €) was not finitely characterizable. Of course, much more intricate
questions might be asked, and many of these also remain open.

Fourth, what other classes of structures have the second-order Fraenkel-
Carnap property? Unstructured sets were shown to have the Fraenkel-
Carnap property in [2], and [11] and [12] established this property for a
number of other relatively simple classes of structures. Some extensions of
these results exist: it is easy to apply the approach used in [11] to show
that for any k that contains only individual and unary predicate constants,
the models of Ly have the Fraenkel-Carnap property, and Irena Penev
has extended the arguments from Section 3 to cover well-orders with distin-
guished elements. There is also some reason to hope that more progress can
be made if attention is restricted to countable models. It is interesting to
note that all the proofs mentioned above exploit either a well-ordering on
the domain of a model, or a well-ordering of cardinals, suggesting a more
general applicability of the notion of well-ordering to the Fraenkel-Carnap
question. In spite of everything said above, for almost all mathematically
interesting structures we are entirely in the dark. Indeed, in light of the
present state of our knowledge, it is conceivable that all structures have the
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second-order Fraenkel-Carnap property. An affirmative answer here would
provide a reasonably deep, significant, and satisfying result in second-order
model theory; a proof of a negative answer would also be quite enlightening.

Fifth, although monadic second-order logic receives only secondary at-
tention above, the results are interesting enough to encourage further study.
In particular, the techniques used to establish most of the Fraenkel-Carnap
properties cited above will not work in monadic second-order logic, but, as
has been seen, at least one class of structures does have a nontrivial monadic
second-order Fraenkel-Carnap property. Are there others, and, if so, what
are they? In addition, although some of the results concerning ordinal arith-
metic were shown for the monadic case, many ordinal operations require
further study in the monadic case.

Finally, what is the natural generalization of the “closure” results in
Sections 4 and 57 That is, where A is a class of structures, and = is an n-ary
(partial) function (in the sense that a suitable proper class of ordered tuples
can understood as a function) on A, what conditions will guarantee that =
preserves finite (or infinite) characterizability? A reasonably general partial
answer to this question would give us new ways to apply existing structural
and algebraic results to the study of second-order characterizability.
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